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1. INTRODUCTION 
A binary relation on a set V is a subset E of V x V. If for all v E V, 
(v, v) 4 E, E is said to be irreflexive. A &graph is a pair (V, E) where 
V is a set (called the vertex set) and E is an irreflexive relation on V. 
The elements of E are the directed edges (or simply edges) of the digraph. 
In traditional graph theory terminology a binary relation on V is a 
digraph which admits loops, loops being edges of the form (v, v) E V x V. 
If u E V, the out-degree of u is ]{v E V: (u, v) E E}I and in-degree of u is 
1 {v E V: (v, u) E E}I. A digraph in which each vertex has the same out- 
degree r is called an out-regular digraph with index of out-regularity r. 
In-regular digraphs are similarly defined. If a digraph is either out-regular 
or in-regular we call it semi-regular. A digraph which is both out- and 
in-regular with index r, is a regular &graph. 
An out-regular digraph with index 1 is called a functional &graph 
because such a digraph on a vertex set V corresponds in an obvious way 
to a unique function f which maps V into V. An in-regular digraph with 
index 1 is called a contra-functional digraph. A regular digraph with 
regularity index 1 is a digraph which is both functional and contra- 
functional. We use similar terminology for relations and speak of semi- 
regular relations, regular relations etc. Semi-regular relations and digraphs 
are of interest in sociology, symbolic logic, and some branches of engi- 
neering (see, for example [S]). 
A permutation g of the vertex set V of a relation (digraph) induces, 
in a natural way, a permutation x(g) of V x V, namely x(g)(u, v) = (gu, gv) 
for all (u, v) E V x V. In traditional digraph enumeration theory a digraph 
D is viewed as a function f : P + N where P is the set of all ordered pairs 
of distinct elements of V, that is, (V x V)\d( V x V) where d( V x V) = 
= {(v, v): v E E} is the diagonal of V x V, and N = (0, l}. Here (u, v) E E 
or $ E, the edge set of D, according as f (u, v) = 1 or 0. Two digraphs 
(V,Fd and(V,F) a are said to be isomorphic if there exists a permutation 
g of V such that Pi = {x(g)(u, v) : (u, v) E 3’2). Two functions fl and fs in 
*) Research supported by financial assistance of the Council of Scientilk and 
Industrial Research, Govt. of India. 
327 
NP are said to be isomor&c if there exists a permutation g on V such 
that fl =/z%(g). It is easy to verify that these two definitions of isomorphism 
are equivalent. Isomorphism classes of digraphs are then enumerated by 
an appropriate use of P6lya’s theorem (see example 1 in [3]). 
In this paper, we obtain formulae for the number of isomorphism classes 
of semi-regular relations, functional relations and digraphs and relations 
that are both functional and contra-functional. First, in section 3, we 
enumerate isomorphism classes of relations by viewing a relation (digraph) 
( V, E) as a mapping f : V -+ P(V) where P(V) is the power set of V. 
For u E V, f(v) = {u: (w, u) E E}. A p ermutation g on V induces, in a natural 
way, a permutation g* on P(V). We denote by S,* the permutation group 
on P(V) induced by S,,,, the symmetric group on V. Two mappings 
fl, f2 E P( V)V are defined to be isomor$ic iff there exists a g E S,,, such 
that g* fl= fzg. It can be verified easily that two relations (digraphs) are 
isomorphic in the traditional sense iff the corresponding mappings in 
P( V)V are isomorphic according to the above definition. The enumeration 
makes use of a generalisation of P6lya’s theorem due to DE BRUIJN 
([l] p. 63 theorem 1) and heavily depends on the result of DE BRUIJN 
and KLARNER ([3] example 2) on the calculation of the cycle index of 
the group S# induced on Pr( V), the collection of r-subsets of V, by S,,,. 
The derivation of the cycle index of S,* based on this result is given in 
section 2. 
It is obvious that out-regular relations of index r correspond to mappings 
f: V -+ Pr( V) and functional relations to mappings f: V + PI(V). Also 
relations (digraphs) which are both functional and contra-functional 
correspond to (1 - 1) mappings f : V + PI(V). In sections 4, 5, and 6 we 
derive formulae for equivalence classes of such relations (digraphs). 
Isomorphism classes of various types of relations were first enumerated 
by DAVIS [4]. HARARY [6] obtained a formula for the counting series 
for functional digraphs in terms of the counting series for rooted trees. 
This was simplified by READ [9] who obtained the number of classes of 
functional digraphs with up to 11 points. We have checked some of our 
enumeration results with those of DAVIS [4] and READ [9] and found 
agreement. 
2. THE GROUP&* INDUCED BY&, ON THE POWERSETOFITS OBJECT SET 
If V is a finite set with n elements we denote the symmetric group 
on V by S,,, or S,. This induces a group S,* of permutations on P(V), 
the power set of V as follows: For every g E S, define g* : P(V) -+ P(V) by 
(1) g*(+)=$;g*(A)={gz:zEA) for all A(+)EP(V). 
Thus defined, S,* is a permutation group of degree 2% and order n !. If 
P,(V) denotes the r-subsets of V, it is clear that g* E S,* permutes the 
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elements of Pr( I’) among themselves. Therefore in the terminology of [3] 
the cycle inventory Z(g*) is given by 
(2) z(g*) =Z(g’O’) * Z(g”‘) * Z(g’2’) . . . Z(g(q 
where, for each N E (0, 1, 2, . . . . n}, Z(g(N)) is the cycle inventory of the 
permutation g(N) induced by g. 
For any permutation OL of a permutation group P, let c(o1, i) denote 
the number of cycles of 01 of length i and let b (OL, i) denote the number 
of elements p E P such that a”(p) =p. Then 
(3) Z(g(N)) = 3 ~t~b(N).i) 
i=l 
and the c(gW), i) are available in [3] (example 2) in a different notation. 
Identifying the zNo, of [3] with our g(N) we have 
c(g(N),i) = ;; ,u ; b(g@‘), d) 
. (I 
where ,U is the Mobius function and the b(g(N), d) are given by equation 
(16) of [3], namely, 
(5) 5 b(gW),+n=Z(g; (l+z’l(l,d))(l,d),(l+X2/(2,d))(2,d),...). 
N-O 
Using (3) in (2) we have 
(3 G) (3 
(6) .qg*, hl, I@, . . .) = JJ FyiC(dO) t 0. JJ hp”’ ,o.. . JJ h*cd”) t u 
i-l i-l i-l 
and, finally, the cycle index P(S,*) of S,* is 
(7) 
P(S,*;hl,hz, . ..) = &J -W*;hl,h2,...) 
7%. 
= ; ,& q h J%.oc(~'N'* 0. 
3. THE NEW MODEL FOR ENUMERATING RELATIONS (DIORAPHS) 
As indicated in the introduction we view a relation on a set V as a 
mapping f : V + P(V) and define relation isomorphism through the iso- 
morphism of these mappings defined by fi - /a iff there exists a g E S, 
such that g* fl =fag. To enumerate the equivalence classes of relations 
by number of edges we attach a weight for each f E P( V)v as follows: 
(8) W(f) = z1 WW) where w(W) = VW, 
vc v 
the number of elements in f(w). 
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It is easily verified that equivalent functions have equal weights and 
that the weight of a relation (digraph) is the number of edges in it. In 
the terminology of P6lya’s t,heorem the figure counting series is 
The sum of the weights over the equivalence classes of relations on V 
can now be computed by using an easy modification of the result in [l] 
(p. 63 Thm. l), or by use of a special case of de Bruijn’s theorem, the 
power group enumeration theorem of HARARY and PALMER [7] (p. 166, 
Thm. 4). The modification consists in the fact that here we do not have 
the full power group (En*)% acting on P(V)“, but only its subgroup 
Qn = ((g, g*) E (A!&*)~~,: g E S,, g* E X,*}. The order of Qn is n! and its 
degree (2%)~ = 2 @. The cycle index of Qn is 
(10) p(Qn;hl,h,...)=$ . (g *& 
where 
c((g, g*), 1) = fi cz sck7*~4 Fgs $) 
and 
c(khg*), 4 = is; EC 0 $ C(W> s*8), 1 .
Thus we have the following 
THEOREM 1: The generating function for the number of equivalence 
classes of relations on a finite set of m elements in terms of the number 
of edges is 
(11) 
where 
mk(gi*,x)= $, (s~sac(g&N), s)xkN for each gt E &. 
The number of equivalence classes of relations on sets with at most 
5 points were computed using this formula and the results checked with 
those of DAVIS [4] (column ‘Cst” of the table). 
To enumerate non-isomorphic digraphs on m points the result of theo- 
rem 1 needs to be modified to eliminate loops. This can be done by re- 
stricting the functions in P( V)v to those for which x $ f(z) for all x E V. 
But the resulting computations seem to be fairly involved. 
22 Indagationes 
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4. ENUMERATION OF SEMI-REGULAR RELATIONS 
An out-regular relation on V of index r is viewed as a mapping f: 
V + P,.(V) and isomorphism classes of such relations correspond to 
equivalence classes of mappings under the equivalence 
(12) fl N fz iff there exists a g E S, such that tpfl= fzg 
where g(r) is the permutation induced by g on Pr( V) the collection of 
r-subsets of v. Since an out-regular relation of index has nr edges, the 
edge parameter is of no interest in this enumeration problem. To find 
the number N8r of non-isomorphic out-regular relations of index r we 
use a modification of de Bruijn’s theorem with S, acting on V and S,(r) 
acting on Pr( V) and obtain 
(13) 
where 
NW= $ . (& ,trE (-Jr) s(g* g(r)) 7l 
C&(r) = ((9, g(r)) :g EL‘&} and S(g,8(r~ = I{f E Pr( V)v: @)f = fg}l, 
that is, the number of functions V -+ Pr( V) which are left invariant by 
(9, gq E a&(‘). 
LS~~,~H) is easily calculated using (5.37) on page 172 in [2] and we have 
(14) S(,, gq = fJ (2 sc(g@), s))c@, 0 
i=l s/i 
where c(g@), s) is given by (4) and (5). Thus we have 
THEOREM 2: The number N8,. of non-isomorphic out-regular relations 
with index r on a set of n points is 
(15) N,, = L 2 fi (&(g(‘), s)>c(gl t), 
n! dn bl rli 
REMARK: Since the converse of an out-regular relation with index r 
is an in-regular relation with index r, there are as many in-regular re- 
lations as out-regular relations, with index r. 
Table 1 below gives the number of out-regular relations for n = 1, 2, 
3 3 a**, 6 and the figures of the corresponding relations for n = 1, 2: 3 are 
given in fig. 1. 
TABLE 1 
Number of out-regular relations on 12 points with index r. 
r--f 
nJ 
1 2 3 4 5 6 
1 
3 1 
7 7 1 
19 66 19 1 
47 916 916 47 1 
130 16816 91212 16816 130 1 
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DIAGRAMS OF OUT-REGULARJFI ATIONS ON n -P4LNIs 
W_ITH INDEX-I 
n r 





Observe that for a given n the index r can at most be n for relations 
and (n- 1) for digraphs. 
5. FUNCTIONAL RELATIONS AND FUNCTIONAL DICIRAPHS 
Since a functional relation is a mapping f: V + Pi(V), the following 
theorem is obtained as an immediate consequence of theorem 2 by 
setting r = 1. 
THEOREM 3: The number of non-isomorphic functional relations on 
n elements is 
since c(g(l), s) = c(g, s). 
This is precisely theorem 6 in DAVIS [4]. 
The entries in column 1 of table 1 correspond to the entries in the column 
“fen" in DAVIS [4]. Functional digraphs are obtained from the above 
by eliminating the loops. This is done by restricting the functions to 
those in which no point v E V is mapped to {v} in Pi(V). By Burnside’s 
lemma applied to the appropriate de Bruijn situation we get the number 
of non-isomorphic functional digraphs on n points to be 
(1’) N,a = ; ,; 8’~ dl)) 
n 
where S’(8,gu)) is the number of functions of the above category which 
are fixed by a g E S, and the corresponding g(i) E S,(i). To compute S’t,, g)~~) 
we modify the argument leading to (5,37) on page 172 in [2] as follows: 
A cycle &,a of g of length i can be mapped to a cycle Cgu), of g(i) where 
s divides i. In the unrestricted case an element of BB( can be mapped 
to any one of the s elements of C,CU, and hence there are 2 sc(g(l), s) 
s/i 
possibilities for mapping &I to cycles of g(l). But in the present restricted 
case, one of these possibilities will have to be ruled out, since, while 
mapping (vi, v2 . . . vg) of g to ({vi} {vaj . . . {vi}) of g(l) the mapping vi + {vi} 
will have to be omitted to avoid loops. Thus the total number of possible 
mappings is ( 2 sc(g (I), s))- 1) and (5.37) of [2] modifies to give 
8’4 
(18) s@,p) = fi {(~sc(g(l), s)) - l)c@* 0 
i-l s/i 
Since c(g(l), s)=c(g, s), combining (20) and (21) we have 
THEOREM 4: The number of non-isomorphic functional digraphs on 
n points is 
(19) NId= ,z 
P 
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The numbers of functional digraphs with up to 6 points computed using 
the above formula were found to tally with the first six terms of the 
generating function w(x) in READ ([9], page 110) based on Harary’s 
enumeration procedure in [6]. 
6. RELATIONSANDDI~RAPHSWHICHAREBOTRFUNCTIONALANDCONTRA- 
FUNCTIONAL 
By definition, every point in a relation (digraph) which is both functional 
and contra-functional has in-degree and out-degree equal to one. Thus, 
such relations correspond to the (1 - 1) functions from V to Pr( V) and 
such digraphs to those (1 - 1) functions f : V + Pr( V) in which no point 21 
is mapped to the corresponding singleton {v}. 
By Burnside’s lemma, we therefore get the number of non-isomorphic 
functional and contra-functional relations on n points to be 
where St,, g(~)) =number of such relations that are fixed by a g E S, and 
the corresponding g(l) E S,(r). Now S “(g,gu)) is computed using (5.30) of 
[2] p. 166, observing that a cycle of length j in g can be mapped only 
to a cycle of length j in g (1). Further, since the cycle types of g and g(l) 
are the same, we have b*=q in the notation of [2]. Hence 




Thus, we have 
THEOREM 5: The number of classes of isomorphic functional and 
contra-functional relations on n points equals the number of all partitions 
of n. 
This result is, however, intuitively obvious as may be seen from the 
following diagrams of all such relations on 4 points: (The partition of 
4 corresponding to each figure is given below it). 
ElKI -0 0 0 00 vv
(4) ( 31 1 (217 (22) (l? 
FlGUREZ. 
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It is obvious from the above diagrams that the number of non-isomor- 
phic functional and contra-functional digraphs (obtained by avoiding the 
loops) on n points equals the number of partitions of n with no part 
equal to 1. Using GUPTA’S notation [5] quoted by RIORDAN ([lo] p. 120) 
the number of partitions of n with at least one unit part is r(n, 1) =p(n - 1) 
where p(n) is the number of unrestricted partitions of n. Thus, the number 
of classes of isomorphic functional and contra-functional digraphs on n 
points is p(n) -p(n- 1) and can be obtained from the extensive tables 
of G~~PTA [5]. 
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